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Abstract
We study the existence of one/two texture zeros or one/two vanishing mi-
nors in the neutrino mass matrix with µτ symmetry. In the basis where the
charged lepton mass matrix and the Dirac neutrino mass matrix are diago-
nal, the one/two zeros or one/two vanishing minors in the right-handed Majo-
rana mass matrix having µτ symmetry will propagate via seesaw mechanism as
one/two vanishing minors or one/two texture zeros in the neutrino mass matrix
with µτ symmetry respectively. It is found that only five such texture structures
of the neutrino mass matrix are phenomenologically viable. For tribimaximal
mixing, these texture structures reduce the number of free parameters to one.
Interesting predictions are obtained for the effective Majorana mass Mee, the
absolute mass scale and the Majorana-type CP violating phases.
1 Introduction
It has, now, been firmly established in a variety of solar, atmospheric and terres-
trial neutrino oscillation experiments that the neutrinos have masses and they, also,
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mix like quarks. However, the inferred lepton flavor structure is different from the
quark flavor structure. As a result, the Pontecorvo-Maki-Nakagawa-Sakata (PMNS)
[1] matrix encoding the lepton mixing and the Cabibbo-Kobayashi-Maskawa (CKM)
[2] matrix encoding quark mixing have completely different structures.
The lepton mixing can be well described by the so-called tribimaximal mixing ma-
trix [3] which has been taken by many as a hint of an underlying symmetry in the
lepton sector. However, some recent global analyses [4] allow for significant devia-
tions from tribimaximal values of mixing angles which disfavors [5] the existence of
fundamental tribimaximal (TBM) symmetry. The absence of a plausible model for
TBM mixing and the apparent absence of any such symmetry in the quark sector has
further aggravated these doubts. To complicate matters further, TBM mixing can be
realized in a variety of ways [6] most of which invoke physics at a very high energy
scale. In the absence of any generic predictions, it is not possible to test these pro-
posed scenarios most of which do not explain neutrino mass hierarchies. Alternatives
to TBM symmetry must, therefore, be explored. Other alternative scenarios which
induce relations between the masses and mixing angles are the existence of texture
zeros [7] and zero minors [8] in the neutrino mass matrix. The imposition of the ob-
servational constraints of TBM mixing on these, otherwise successfull scenarios leads
to some testable predictions which can be used as a check on their phenomenological
viability. Thus, combining TBM mixing with texture zeros/zero minors is expected
to further our insight into the vexed issue of neutrino masses and mixings. The main
motivation for the present study are the relations between masses and mixing an-
gles induced by the existence of texture zeros or zero minors in the neutrino mass
matrix. Thus, combining TBM mixing with texture zeros/ zero minors is expected
to further our insight into neutrino masses and mixings. In the present work, we
study the phenomenological implications of the existence of one/two texture zeros or
one/two vanishing minors in the neutrino mass matrix with µτ symmetry under the
additional observational constraint of TBM mixing and obtain interesting predictions
for the effective Majorana mass, absolute neutrino mass scale and the Majorana-type
CP violating phases. Some of these textures have been discussed in [9, 10] though in
a somewhat different context.
We reconstruct the neutrino mass matrix in the flavor basis (where the charged lepton
mass matrix is diagonal) assuming that the neutrinos are Majorana particles. In this
basis the complex symmetric mass matrix Mν can be diagonalized by unitary matrix
2
V as
Mν = VM
diag
ν V
T . (1)
where
Mdiagν =


m1 0 0
0 m2 0
0 0 m3


The PMNS mixing matrix V can be decomposed into the unitary matrix U and a
phase matrix P.
V = U.P (2)
where the phase matrix is given as
P =


1 0 0
0 eiα 0
0 0 eiβ


with the two Majorana-type CP violating phases α and β. Using Eqn. (2), the
neutrino mass matrix can be written as
Mν = UPM
diag
ν P
TUT . (3)
The unitary matrix U [11] is given by
U =


c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e
iδ s23c13
s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e
iδ c23c13

 (4)
where sij = sin θij and cij = cos θij .
2 Formalism
The present neutrino oscillation data on neutrino masses and mixing angles from
solar, atmospheric and reactor neutrino oscillation experiments at 1, 2 and 3σ [12]
can be summarized as
∆m212 = 7.67
(+0.16,+0.34,+0.52)
(−0.19,−0.36,−0.53) × 10
−5eV 2,
3
∆m223 = ±2.39
(+0.11,+0.27,+0.47)
(−0.8,−0.20,−0.33) × 10
−3eV 2,
θ12 = 33.96
o(+1.16,+2.43,+3.80)
(−1.12,−2.13,−3.10) ,
θ23 = 43.05
o(+4.18,+7.83,+10.32)
(−3.35,−5.82,−7.93) .
Moreover, there exists an upper bound on θ13 from the CHOOZ experiment as
θ13 < 12.38
o(3σ). (5)
Since, our neutrino mass matrix is µτ symmetric, maximal atmospheric neutrino
mixing i.e. s223 =
1
2
and s213 = 0 immediately follows from this structure of mass
matrix. Hence, the unitary matrix U which diagonalizes the µτ symmetric mass
matrix Mν takes the form
U =


c12 s12 0
−s12√
2
c12√
2
1√
2
s12√
2
−c12√
2
1√
2

 (6)
where s12 = sin θ12 and c12 = cos θ12. The Dirac-type CP violating phase δ disappears
from the mixing matrix U for vanishing θ13. Thus, the only source of CP violation in
the leptonic sector are the two physical Majorana-type CP violating phases present
in the mixing matrix V. The resulting neutrino mass matrix Mν becomes
Mν =


m1c
2
12 +m2s
2
12e
2iα (−m1+m2e2iα)c12s12√
2
(−m1+m2e2iα)c12s12√
2
(−m1+m2e2iα)c12s12√
2
1
2
(
m1s
2
12 +m2c
2
12e
2iα +m3e
2iβ
)
1
2
(
m1s
2
12 +m2c
2
12e
2iα −m3e
2iβ
)
(−m1+m2e2iα)c12s12√
2
1
2
(
m1s
2
12 +m2c
2
12e
2iα −m3e
2iβ
)
1
2
(
m1s
2
12 +m2c
2
12e
2iα +m3e
2iβ
)


(7)
This matrix is parameterized in terms of three neutrino mass eigenvalues (m1, m2, m3),
one neutrino mixing angle (θ12) i.e. solar mixing angle and the two Majorana-type
CP violating phases α and β. The masses m2 and m3 can be calculated from the
mass-squared differences ∆m212 and ∆m
2
23 using the relations
m2 =
√
m21 +∆m
2
12 (8)
and
m3 =
√
m22 +∆m
2
23. (9)
Additional imposition of tribimaximal mixing restricts the solar mixing angle i.e.
s212 =
1
3
. All available information on neutrino masses from solar, atmospheric neu-
trino experiments is encoded in the parameter
Rν =
m22 −m
2
1
|m23 −m
2
2|
(10)
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In addition, cosmological observations put an upper bound on the parameter
Σ =
3∑
i=1
mi (11)
which is the sum of the neutrino masses. WMAP data [13] limit Σ to be less than
(0.6)eV at 95 % C.L. The observation of neutrinoless double beta decay would imply
lepton number violation and Majorana nature for neutrinos. The effective Majorana
mass of the electron neutrino Mee which determines the rate of neutrinoless double
beta decay [14] is given by
Mee = |m1c
2
12c
2
13 +m2s
2
12c
2
13e
2iα +m3s
2
13e
2i(β−δ)| (12)
which in the limit of vanishing θ13 becomes
Mee = |m1c
2
12 +m2s
2
12e
2iα|. (13)
The possible measurement of the effective Majorana mass in the neutrinoless dou-
ble beta decay experiments will provide an additional constraint on the neutrino
mass scale and the two Majorana-type CP violating phases. Thus, the analysis of
Mee will be significant. A stringent constraint |Mee| < 0.35eV was obtained by the
76Ge Heidelberg-Moscow experiment [15]. There are large number of projects such
as SuperNEMO[15], CUORE[16], CUORICINO[16] and GERDA[17] which aim to
achieve a sensitivity below 0.01eV on Mee. Forthcoming experiment SuperNEMO,
in particular, will explore Mee < 0.05eV[18] The neutrino mass scale will be inde-
pendently determined by the direct beta decay searches [19] and cosmological obser-
vations. We, therefore, present some interesting predictions on the two parameters
Mee and masses of neutrinos which can, hopefully, be tested in the near future. The
neutrino mass matrix Mν in Eqn. (7) is clearly µτ symmetric having two physical
phases 2α and 2β. µτ symmetry constrains the two mixing angles θ13 and θ23 but
imposes no constraints whatsoever on the neutrino masses and the two Majorana
phases. On the other hand, textures induce linear relations between mass matrix
elements, thereby, relating the mixing matrix elements to the neutrino masses and
the Majorana phases. Imposition of µτ symmetry on textures will, therefore, lead
to highly predictive scenarios for the unknown parameters. In the present work, we
study the phenomenological implications of a class of neutrino mass matrices with µτ
symmetry having one/two texture zeros or one/two zero minors under the condition
of tribimaximality which reduces the number of free parameters to just one which can
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be identified with the neutrino mass scale m1. We test the phenomenological viability
of this class of texture structures by randomly generating m1 whose upper bound is
taken from the WMAP data while the mass-squared differences are varied over their
3σ experimental ranges.
3 Results and Discussions
The seesaw mechanism for understanding the scale of neutrino masses is regarded
as the prime candidate not only due to its simplicity but also due to its theoretical
appeal. In the framework of type-I seesaw mechanism [20], the effective Majorana
mass matrix Mν is given by
Mν = −MDM
−1
R M
T
D (14)
where MD is the Dirac neutrino mass matrix and MR is the right-handed Majorana
mass matrix. Mν will be µτ symmetric if both MD and MR are µτ symmetric.
3.1 Neutrino mass matrices with one/two vanishing minors
and µτ symmetry
In the basis where the charged lepton mass matrix and the Dirac-type neutrino mass
matrix are diagonal, the Dirac-type neutrino mass matrix under µτ symmetry takes
the form MD = diag(a, b, b). The assumption of diagonal Dirac neutrino mass matri-
ces is well motivated from symmetry considerations and there exist models of neutrino
masses/mixing based on discrete [21, 22] as well as continuous [23] symmetries which
naturally lead to diagonal Dirac mass matrices for neutrinos. The one/two zeros in
the Majorana mass matrix MR having µτ symmetry will show as the one/two van-
ishing minors of Mν with µτ symmetry. Since it is easy to visualize µτ symmetry
in a mass matrix having texture zeros than vanishing minors, we find all possible
texture structures of MR with one/two zeros and µτ symmetry. Out of total twenty
one possible one/two zeros textures in MR only five are found to be compatible with
µτ symmetry. All five possible structures of MR and corresponding Mν are given in
Table 1.
These texture structures of MR with a diagonal MD result in Mν with one/two van-
6
MR Mν
1.


0 B B
B C D
B D C




−a2(C+D)
2B2
ab
2B
ab
2B
ab
2B
b2
2C−2D
b2
−2C+2D
ab
2B
b2
−2C+2D
b2
2C−2D


2.


A B B
B C 0
B 0 C




a2C
−2B2+AC
abB
2B2−AC
abB
2B2−AC
abB
2B2−AC
b2(B2−AC)
2B2C−AC2
b2B2
−2B2C+AC2
abB
2B2−AC
b2B2
−2B2C+AC2
b2(B2−AC)
2B2C−AC2


3.


A B B
B 0 D
B D 0




a2D
−2B2+AD
abB
2B2−AD
abB
2B2−AD
abB
2B2−AD
b2B2
−2B2D+AD2
b2(B2−AD)
2B2D−AD2
abB
2B2−AD
b2(B2−AD)
2B2D−AD2
b2B2
−2B2D+AD2


4.


A 0 0
0 C D
0 D C




a2
A
0 0
0 b
2C
C2D2
b2D
−C2+D2
0 b
2D
−C2+D2
b2C
C2D2


5.


0 B B
B C 0
B 0 C




−a2C
2B2
ab
2B
ab
2B
ab
2B
b2
2C
−b2
2C
ab
2B
−b2
2C
b2
2C


Table 1: Texture structures of MR with one/two texture zeros and Mν with one/two
vanishing minors and µτ symmetry.
ishing minors in addition to µτ symmetry. However, texture 4 and 5 of MR imply
neutrino mass matrices which are phenomenologically not viable. Therefore, we study
the phenomenological implications of the remaining three viable texture structures of
the neutrino mass matrix Mν and obtain interesting implications.
Case 1
Texture 1 of MR with diagonal MD leads via type-I seesaw to neutrino mass matrix
Mν where the minor corresponding to (1,1) element vanishes.
Mν(22)Mν(33) −Mν(23)Mν(32) = 0. (15)
Substituting the values of mass matrix elements from Eqn. (7), Eqn. (15) takes the
form
m1s
2
12 +m2c
2
12e
2iα = 0. (16)
which gives ∣∣∣∣m1m2
∣∣∣∣ = 1tan2θ12 . (17)
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Hence, this texture of Mν with a vanishing minor and µτ symmetry is disallowed by
the solar mass hierarchy.
Case 2
Texture 2 of MR results in Mν where the minor corresponding to (2,3) element van-
ishes. The realization of such textures of MR can be done by discrete non-Abelian
symmetry D4, studied by Grimus and Lavoura [21]. The equation of vanishing minor
in this case becomes
Mν(11)Mν(32) −Mν(12)Mν(31) = 0. (18)
Using the values of the elements of Mν from Eqn. (7) leads to
−
1
m3
e−2iβ +
1
m2
c212e
−2iα +
1
m1
s212 = 0. (19)
Under the condition of tribimaximal mixing i.e. s212 =
1
3
, the above equation becomes
−
1
m3
e−2iβ +
2
3m2
e−2iα +
1
3m1
= 0. (20)
Separating Eqn. (20) into real and imaginary parts we get
−
1
m3
cos2β +
2
3m2
cos2α+
1
3m1
= 0,
−
1
m3
sin2β +
2
3m2
sin2α = 0. (21)
We note that the two Majorana phases 2α and 2β are correlated to each other. Hence,
there is only one independent phase. Choosing this free phase to be 2α, we obtain
cos2α =
(
3m1m2
m3
)2
− 4m21 −m
2
2
4m1m2
(22)
The value of cos2α becomes greater than (less than) 1 (-1) for m3 < m1. Therefore,
this texture implies a normal hierarchical mass spectrum. It can be seen that this
phase becomes the function of a single parameter m1. This phase appears in the
expression for Mee which determines the rate of neutrinoless double beta decay. The
allowed range of effective Majorana mass in this case is (7.0 × 10−4 < Mee < 0.2)eV
and a bound on the lowest mass m1 > (0.003)eV at 3σ is obtained. Figure 1(a)
shows the correlation of the lowest mass m1 and effective Majorana mass Mee. The
normal hierarchy of this texture can be seen from figure 1(b). The Majorana phase
2α is found to be constrained in the range (20o − 180o). Hence, there is only one
free parameter m1 left while the other parameters m2, m3 and the phase 2α can be
8
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Figure 1: Correlation plots for texture structures with one/two vanishing minors and
tribimaximal mixing.
determined from m1.
Case 3
Texture 3 of MR results in Mν with µτ symmetry and having vanishing minors cor-
responding to (2,2) and (3,3) elements. This structure of MR can be realized from
discrete non-Abelian S3 × Z2 [22] symmetry. The equations of vanishing minors in
this case become
Mν(11)Mν(33) −Mν(13)Mν(31) = 0,
Mν(11)Mν(22) −Mν(12)Mν(21) = 0. (23)
which leads to
1
m3
e−2iβ +
1
m2
c212e
−2iα +
1
m1
s212 = 0. (24)
Under tribimaximal mixing i.e. s212 =
1
3
, the above equation becomes
1
m3
e−2iβ +
2
3m2
e−2iα +
1
3m1
= 0. (25)
Texture 3 ofMν has identical predictions for the mass eigenvalues and the Majorana-
type CP violating phase 2α as texture 2. Hence, these two texture structures are
equivalent [22].
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3.2 Neutrino mass matrices with one/two texture zeros and
µτ symmetry.
µτ symmetry can, also, be imposed on the texture structures of MR having vanishing
one/two minors. In the charged lepton basis, where Dirac-type neutrino mass matrix
is diagonalMD = diag(a, b, b), imposing µτ symmetry onMR with one/two vanishing
minors will show as the one/two texture zeros in the neutrino mass matrixMν . Out of
total twenty one possible one/two minors inMR, only three are found to be compatible
with µτ symmetry. The phenomenologically viable texture structures of MR and the
corresponding Mν are given in Table 2. We study the phenomenological implications
MR Mν
1.


A B B
B C −C
B −C C




0 ab2B
ab
2B
ab
2B
b2(B2−AC)
4B2C
−b2(B2+AC)
4B2C
ab
2B
−b2(B2+AC)
4B2C
b2(B2−AC)
4B2C


2.


B2
D
B B
B C D
B D C




a2D(C+D)
B2(C−D)
abD
B(D−C)
abD
B(D−C)
abD
B(D−C)
b2
(C−D) 0
abD
B(D−C) 0
b2
(C−D)


3.


B2
C
B B
B C D
B D C




−a2C(C+D)
B2(C−D)
abC
B(C−D)
abC
B(C−D)
abC
B(C−D) 0
b2
D−C
abC
B(C−D)
b2
D−C 0


Table 2: Texture structures of MR with one/two vanishing minors and Mν with
one/two texture zeros and µτ symmetry.
of these three viable texture structures and obtain interesting constraints on the
unknown parameters in the neutrino mass matrix Mν .
Case 1
Texture 1 ofMν has a texture zero at (1,1) place in addition to µτ symmetry. Texture
zero condition results in the complex equation
m1c
2
12 +m2s
2
12e
2iα = 0. (26)
which vanishes if
2α =
(
n+
1
2
)
pi (27)
and ∣∣∣∣m1m2
∣∣∣∣ = tan2θ12. (28)
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For tribimaximal mixing, the mass ratio becomes
∣∣∣∣m1m2
∣∣∣∣ = 12 . (29)
The mass eigenvalue m1 is given by
m1 =
√
∆m212
3
(30)
both for normal and inverted hierarchies. However, as shown in [24], it turns out that
interesting implications from texture zero at Mee only occur for normal hierarchical
mass spectrum. The only free parameter m1 can be determined within the errors of
mass-squared difference ∆m212 while the CP violating phase 2α is fixed.
Case 2
Texture 2 of Mν in Table 2 has a texture zero at (2,3) place in addition to µτ sym-
metry. The condition of texture zero implies
m3e
2iβ −m2c
2
12e
2iα −m1s
2
12 = 0. (31)
For tribimaximal mixing the above equation becomes
m3e
2iβ −
2
3
m2e
2iα −
1
3
m1 = 0. (32)
Separating Eqn. (32) into real and imaginary parts we obtain
−m3cos2β +
2
3
m2cos2α+
1
3
m1 = 0,
−m3sin2β +
2
3
m2sin2α = 0. (33)
It can be seen that the two CP violating phases 2α and 2β are correlated to each
other. Taking 2α to be the independent phase, we can simultaneously, solve the above
two equations to obtain
cos2α =
(3m3)
2 − (2m2)
2 −m21
4m1m2
. (34)
The value of cos2α becomes greater than (less than) 1 (-1) for m1 < m3. As all the
parameters in the above equation can be determined in terms of a single parameterm1,
hence, the CP violating phase 2α is a function of single parameter m1. Tribimaximal
mixing constrains the lowest mass m1 to the range (0.05 < m1 < 0.2)eV and the
effective Majorana mass to a range (0.01 < Mee < 0.2)eV at 3σ (Fig. 2(a)). The
11
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Figure 2: Correlation plots for texture structures with one/two texture zeros and
tribimaximal mixing.
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inverted mass hierarchy for this texture structure can be seen from Figure 2(b). The
phase 2α is constrained in the range (20o − 180o) and a strong correlation with the
other Majorana-type phase 2β can be seen from Figure 2(c).
Case 3
Texture 3 of Mν in Table 2 has two texture zeros at (2,2) and (3,3) places which lead
to the complex equation
m1s
2
12 +m2c
2
12e
2iα +m3e
2iβ = 0. (35)
This class of textures has been extensively studied [25] in the literature. However, for
tribimaximal mixing this texture structure has the same phenomenological implica-
tions as texture 2 and, thus, both are equivalent.
Since in seesaw models any symmetry of the neutrino mass matrix is supposed to
manifest only at the seesaw scale, it is of interest to know how the radiative corrections
will affect these predictions. It is, however, well known that the radiative corrections
are small in case of normal or inverted hierarchical mass spectrum. Since all the
texture structures investigated here for tribimaximal mixing give either normal or
inverted mass hierarchical spectrum, the radiative corrections will be rather small
[26]. Hence, the predictions for the parameters of the neutrino mass matrix are
expected to be quite stable.
4 Conclusions
We presented a comprehensive analysis of different texture structures of the neutrino
mass matrix that can be obtained via type-I seesaw mechanism from heavy right-
handed Majorana mass matrix MR having one/two vanishing minors or one/two
texture zeros. When µτ symmetry is imposed on such MR, it results in µτ symmetric
Mν having one/two texture zeros or one/two vanishing minors via seesaw mechanism.
It is found that there are only five possible texture structures of MR with one/two
vanishing minors or one/two texture zeros and are phenomenologically viable. We
study the phenomenological implications of all the five texture structures and obtain
interesting results for the unknown parameters such as the effective neutrino mass and
the neutrino masses. All five textures are found to have a hierarchical mass spectrum.
Imposition of tribimaximality reduces the number of free parameters to one. Only one
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of the two Majorana-type CP violating phases appears in the effective Majorana mass
Mee which determines the rate of neutrinoless double beta decay. Predictions for the
parameters Mee and absolute mass scale are given for all allowed texture structures.
These parameters are expected to be measured in the forthcoming neutrino oscillation
experiments. Due to the hierarchical mass spectrum of these textures, the radiative
corrections are expected to be negligibly small.
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